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We investigate modulational instability in inhomoge-
neous passive cavities modeled by the Ikeda map. The 
cavity boundary conditions and the modulation of the 
fiber dispersion force the system to develop paramet-
ric instabilities, which lead to the generation of simple 
as well as period doubled temporal patterns. The ana-
lytical results obtained by means of Floquet theory are 
validated through numerical solution of the Ikeda map, 
and the limitation of the mean-field Lugiato-Lefever 
model are highlighted. 
OCIS codes:
http://dx.doi.org/10.1364/ol.XX.XXXXXX
Instabilities in passive optical cavities [1–4] have a wealth 
of applications ranging from spatial pattern formation to gen-
erations of individually addressable solitons, pulse trains, and 
frequency combs. A central mechanism behind such applica-
tions is modulational instability (MI), the growth of sideband 
pairs due to underlying phase-matched four-photon processes 
in the cavity [4–8]. MI plays a crucial role in the dynamics 
of both fiber-based cavities and microresonators [9]. A mean 
field approach allows for a universal description of such phe-
nomenon in terms of the so-called Lugiato-Lefever equation 
(LLE) [4–7]. In this framework, it has been predicted that the 
domain of cavity MI can be significantly extended by means of 
a periodic modulation of one or more cavity parameters such as 
GVD [10], nonlinearity [11], or losses [12]. In particular, such pe-
riodic driving leads to the onset of parametric resonances [13], 
which are responsible for additional new branches of MI, in-
terpretable also in terms of quasi-phase-matching arguments. 
The latter, however, give only a zero-order description of the 
process [14]. Such narrowband MI branches, usually known as 
Arnold tongues are characteristic of the general class of Faraday 
instabilities (see, e.g. [15]) sustained by periodic driving, as op-
posed to Turing-type MI, which exist in the absence of periodic 
variations of the parameters. The competition between Turing-
type and Faraday-type branches have been recently observed 
in a fiber resonator with average normal GVD [16]. At variance 
with free-running propagation, where periodic GVD is respon-
sible for MI also in the normal GVD regime [14, 17–23], in the 
cavity what is observed is the cross-over between a Turing-type 
MI existing also without GVD modulation [5, 6] and new para-
metric Faraday-type branches due to the periodic GVD.
However, a different kind of parametric instability occurs
even in homogeneous passive cavities, owing to the intrinsic pe-
riodicity associated with the cavity boundary conditions [3, 24–
27]. This type of instability can only be predicted on the basis
of the full Ikeda map [3, 6, 24]. This leads to a MI with period
doubling (P2) features, which have been first observed in [24].
In this letter, we investigate the competition of this type
of parametric instability with those due to the presence of a
periodic GVD. We extend the analytical approach of [3, 24],
which allows us to assess the physically different character of
the various branches of parametric instability. We find that the
branches induced by the periodic-GVD extend and enhance the
ones generated by the cavity boundary conditions. Moreover,
we highlight the general limitation of the LLE approach pro-
posed in [10]. Such analysis is crucial in order to experimentally
explore new regimes in modulated fiber cavities, and more gen-
erally, to understand the limit of validity of averaged descrip-
tions to account for the observed dynamics [27, 28].
We consider a fiber ring modeled by cavity boundary
conditions for the n−th round-trip, coupled to Nonlinear
Schrödinger Equation (NLSE), that rules the propagation of the
intracavity field un along the n-th circulation along the ring:
un+1(z = 0, t) = θuin(t) + ρe
iφ0un(z = 1, t), (1)
i
∂un
∂z
− β(z)
2
∂2un
∂t2
+ |un|2un = 0, (2)
where ρ, θ (ρ2 + θ2 = 1) are the reflection and transmission coef-
ficients, and φ0 is the linear phase acquired by the field during
one roundtrip. The dimensionless quantities in Eqs. (1-2) follow
from scaling the distance in units of cavity length L, i.e. z =
Z/L, t = T/T0, u(z, t) = E(Z,T)
√
γL, uin(t) = Ein(T)
√
γL,
T0 =
√|k′′|L, β(z) = k′′(z)/|k′′|, k′′ = d2k/dω2 and γ being the
average second order dispersion and the fiber nonlinearity, re-
spectively. Quantities in capital letters Z, T, E, Ein denotes real
world distance, retarded time in the frame traveling at group
velocity, and intracavity and input electric field envelope, re-
spectively.
We consider a steady state, continuous wave (cw) solution
of Eq. (2): un(z, t) =
√
P exp(iPz), where the normalized intra-
cavity power is related to the input power Pin = |uin|2 through
the cavity steady state response: P[1+ ρ2 − 2 cos(φ0 + P)] =
θ2Pin. The stability of the cw solution is analyzed by insert-
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ing the Ansatz un(z, t) = [
√
P + a˜n(z, t) + ib˜n(z, t)] exp(iPz)
in Eq. (2), where a˜, b˜ are small real perturbations. After
linearization around the stationary solution, we get the sys-
tem d/dz[an, bn]T = M[an, bn]T, ruling the evolution of the
Fourier transform of the perturbations [an(z,ω), bn(z,ω)] =
F{[a˜n(z, t), b˜n(z, t)]}, where
M(z) =

 0 − β(z)ω22
β(z)ω2
2 + 2P 0

 . (3)
We recall first the theory for a homogeneous cavity with con-
stant GVD β [3, 24, 27], linking the outcome to the concept of
parametric resonance [13]. For simplicity, we will discuss in
details the case β = 1 (normal GVD), where the cavity dynam-
ics presents major qualitative differences with the cavity-less
MI. The results can be trivially extended to the anomalous case
β = −1. The fundamental matrix solution associated with Eq.
(3) reads as
X(z) =

 cos(kz) − βω22k sin(kz)
2k
βω2
sin(kz) cos(kz)

 , (4)
where k =
√
(βω2/2+ 2P) · βω2/2 is the wavenumber shift
of the perturbation (imaginary k gives the gain of the standard
cavity-less MI, obtained only for β < 0). The perturbation
at distance z is given, through Eq. (4), as [an(z), bn(z)]
T =
X(z)[an(0), bn(0)]T. Then, the boundary conditions (1) imposes
that [an+1(0), bn+1(0)]
T = Γ[an(1), bn(1)]T , where
Γ = ρ

 cos(φ) − sin(φ)
sin(φ) cos(φ)

 , (5)
where φ = φ0 + P is the total (linear plus nonlinear) phase ac-
quired during a round-trip.
The Floquet matrix for the perturbation, say Ψ ≡ ΘΓ, is
found as the product of the matrix Θ ≡ X(zL), i.e. the matrix (4)
evaluated at the round-trip z = zL = 1, and the boundary con-
dition matrix Γ in Eq. (5). The perturbation at the n−th round-
trip evolves as [an(0), bn(0)]T = Ψn[a0(0), b0(0)]
T. Therefore
the stability of the system is determined by the eigenvalues of
matrix Ψ
λ± = ∆/2±
√
∆2/4− ρ2, (6)
where ∆ = ρ[2 cos(φ) cos(kzL) − βω
2+2P
k · sin(φ) sin(kzL)].
Whenever |λ−| or |λ+| exceed unity, the cw solution is unsta-
ble and the perturbation grows as exp[g(ω)z] with MI gain
g(ω) = ln(max{|λ−(ω)|, |λ+(ω)|}. This generally occurs for
|∆| > 1+ ρ2. In the good cavity limit (ρ ≃ 1), the threshold for
instability |∆| = 2, assuming also moderate powers such that
(βω2 + 2P)/k ≃ 2, reads as
k + P + φ0 = mpi, m = 0,±1,±2, . . . (7)
Returning to dimensional quantities, by introducing the fre-
quency Ω = ωT−10 and the wavenumber K = kL
−1 =√
(k′′Ω2/2+ 2γ|E0|2) · k′′Ω2/2, we cast Eq. (7) in the form
K +
γ|E0|2L + φ0
L
= m
pi
L
, m = 0,±1,±2, . . . (8)
which is clearly interpretable, for m 6= 0, as a parametric reso-
nance condition, where the overall perturbation wavenumber
[the LHS in Eq. (8)] equals a multiple of the halved "driving"
wavenumber 2pi/L associated with the round-trip periodicity
[13]. The frequency of the m−th unstable band (within such
approximations) is
ωm =
√
2
β
√√
(mpi − P − φ0)2 + P2 − P. (9)
Next, we extend such an approach to an inhomogeneous cav-
ity with GVDof normalized periodΛ = 1/N, where the integer
N stands for the number of periods contained over the cavity
length. In particular we consider henceforth the piecewise con-
stant case [16], where Λ = zA + zB, zA,B being the length of two
fiber sections with different GVD βA,B. In this case, the relevant
eigenvalues are those of the overall Floquet matrix, calculated
as the product
Ψ = (ΘAΘB)
N
Γ, (10)
being ΘA and ΘB the fundamental matrix solution (4) for the
fiber span A and B, calculated at zA and zB, respectively, and Γ
the boundary condition matrix (5). When N = 1 (GVD periodic
over the cavity length), we are still able to analytically obtain
the eigenvalues in the form of Eq. (6), where the discriminant
is now
∆ = ρ cos(φ) [2 cos(kAzA) cos(kBzB)− σ1 sin(kAzA) sin(kBzB)]
− ρ sin(φ) [σ2 sin(kAzA) cos(kBzB) + σ3 cos(kAzA) sin(kBzB)]
(11)
with
σ1 =
(βAkB)
2 + (βBkA)
2
βAβBkAkB
, σ2,3 =
(βA,Bω
2)2 + 4k2A,B
2kA,BβA,Bω2
. (12)
Expressions (11-12) constitute the main result of this Letter,
which allows us to gain a full understanding of parametric res-
onances in cavities. Again, instability occurs for |∆| > 1+ ρ2.
Using the same approximations (good cavity, moderate pow-
ers) as above, we obtain that the instability threshold |∆| = 2
corresponds to the following parametric resonance condition
kAzA + kBzB + P + φ0 = mpi, m = 0,±1,±2, . . . (13)
which suitably generalize Eq. (7) for an inhomogeneous cavity.
The frequency of the unstable bands is still given by Eq. (9) with
β = βav = (βaza + βbzb) (for N = 1). For multiple periods of
GVD over the cavity length (N = 2, 3, . . .) the analytical formu-
las become cumbersome but the unstable eigenvalues can be
easily obtained numerically from the matrix Ψ in Eq. (10).
In order to compare with the LLE-based approach [4–6, 10,
16], we recall that the map (1-2) can be averaged to yield [6]
i
∂u
∂z
− β(z)
2
∂2u
∂t2
+ |u|2u = (δ − iα) u + iS, (14)
where we drop the subscript n for the field and set S = θuin,
where α = 1− ρ ≈ θ2/2 describes cavity losses (assuming the
output coupling to dominate over fiber propagation loss), and
the detuning is δ = −φ0 (modulo 2pi).
We briefly summarize the results of MI analysis in LLE with
periodic GVD [10]. In the case of piecewise constant GVD with
N = 1 (two fibers with GVD βA,B of length zA,B, zA + zB = 1),
the results are analytical and give the characteristic exponents,
i.e. the eigenvalues of Ψ, as λ± = ∆2 ±
√
∆2
4 − exp[−2α]. MI
occurs if |∆| > (1+ exp[−2α]), where
∆ = e−α[2 cos(kAzA) cos(kBzB)− σ sin(kAzA) sin(kBzB)], (15)
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Fig. 1. a), b) Color level plot of gain g(ω) in the plane (ω,φ0) of
frequency and cavity linear shift (detuning), calculated from
(a) Ikeda map and (b) LLE. Homogeneous cavity with normal
GVD (β = 1), P = 0.15, α = θ2/2 = 0.05. (c) P1 temporal
profile from Ikeda map (solid curve) and LLE (dashed curve)
for an intracavity power P = 0.06 and φ0 = −pi/5, see white
arrows in (a,b). (d) P2 pulse train from Ikeda map P = 0.1 and
φ0 = pi/2; red (blue) curves, even (odd) rountrips
and σ = [βAβBω
4 + 2(P − δ)(βA + βB)ω2 + 4(3P − δ)(P −
δ)]/(2kAkB), and kA,B =
√
(βA,Bω2/2+ 2P − δ)2 − P2. An es-
timate of the central frequency of the m-th band is (N = 1)
ωLLEm =
√
2
βav
[√
(mpi)2 + P2 + (δ − 2P)
]
. (16)
We illustrate now some relevant examples, starting from
a uniform cavity. Despite this case has been studied before
[24, 27], some clarifications are nedeed. To this end, we plot
in Fig. 1(a) the level plot of the parametric gain in a plane
ω-φ0 (perturbation frequency and cavity shift), obtained from
the analysis of the map. One can notice two branches: the
first one, labeled P1, is associated to the positive eigenvalue λ+
and m = 0 in Eq. (7). It starts from zero frequency for quasi-
resonant conditions φ0 ≈ 0, and extend to higher frequencies
as the phase shift φ0 decreases towards negative values. This
branch stands for the Turing-type MI, which is predicted also
from the LLE [5, 6], as shown for comparison in Fig. 1(b). Con-
versely, the upper branch labeled P2, associated to λ−, is lo-
cated around ω = 0 for anti-resonance conditions φ0 ≈ pi and
extend to higher frequencies as the cavity is brought towards
resonance. This is a m = 1 parametric instability branch, which
does not appear from the gain calculated from LLE, being due
to the periodicity of the boundary conditions. This is consistent
with the fact that LLE works only for small cavity detunings,
and approximate the cavity transfer function (the Airy function)
with a single Lorentzian. In both the P1 and P2 regimes, stable
temporal patterns (pulse trains) can be generated at the maxi-
mally unstable ω. In the P1 regime, where the pulse train is
equal at each round trip, the LLE and the map typically show
only a small quantitative discrepancy in the attractive temporal
periodic solutions, as shown in Fig. 1(c). However, the map ad-
ditionally describes stable P2 regimes (at different phase-shift
a) b)
c) d)
dx
M
A
P
M
A
P
LLEP1
P1 P1
P1
P1
P1
P2
P2 P2
P2
P1
P1
P2
Fig. 2. (a), (b) Color level plot of gain g(ω) for an inhomoge-
neous cavity with βA = 1.9, βB = 0.1, zA = zB = 0.5, P = 0.3,
α = θ2/2 = 0.05 calculated from (a) Ikeda map and (b) LLE. (c)
same as (a), for a lower modulation depth βA = 1.5, βB = 0.5.
(d) Output P2 pattern from Ikeda map (solid curve) and LLE
(dashed curve); red (blue) curves, even (odd) rountrips.
φ0), where pulse trains alternate in time between even and odd
round-trips [see Fig. 1(d)], after the steady regime is reached.
Let us consider how the GVD modulation with the period
equal to the cavity length (N = 1) alters the previous scenario.
Figure 2 shows the parametric gain obtained from (a) the map,
and (b) the LLE. We notice several important features: (i) the
GVD periodicity enhances the gain and extends the P1 and P2
branches already present in the uniform cavity (compare Fig.
2(a) with Fig. 1(a)); (ii) Additional parametric MI bands appear,
as clear from Fig. 2(a). These bands are alternating P1 (m even)
and P2 (m odd) bands from left to right (as ω increases). The
number of band increases (decreases) for large (weak) modu-
lations, as revealed by the comparison between Fig. 2(a) and
(c); (iii) the LLE gives a reliable picture for (even large) negative
phase shifts (i.e., positive detunings δ), but still fails to describe
the behavior for large φ0 > 0 (in particular close to antireso-
nance); (iv) In the LLE [Fig. 2(b)], the second branch, of P2 type,
corresponding to m = 1 in Eq. (16) appears to be the natural
continuation of the m = 1 branch of the map in Fig. 2(a). In par-
ticular, one can notice from Fig. 2(b) that for φ0 < 0, slightly in-
creasing the value of |φ0|, one can switch from a situation where
only the Faraday branch m = 1 is unstable to the regime where
the latter coexist with the low frequency Turing branch, which
is the regime experimentally investigated in [16]. This regime
is well described by the LLE, as also witnessed by comparing
the P2 pulse trains obtained for the map and the LLE, as shown
in Fig. 2(d). It is worth pointing out that for the m = 1 branch
(and similarly for m = 3, 5, . . .), the perturbation can grow up
to steady-state shown in Fig. 2(d), exactly because it replicates
in-phase after each pair of round-trips.
It is worth analyzing the effect of decreasing the GVD period
to a fraction of the cavity length (N 6= 1). In this case, we cal-
culate the eigenvalues and the region of instability numerically
from the matrix (10). The relative gain is reported in Fig. 3 in
the normalized frequency-power plane (ω, P). In this plane, the
low frequency branch stands for the Turing-type MI, which oc-
curs on the lower branch of the bistable response, whereas the
Letter Optics Letters 4
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Fig. 3. (a) Color level plot of gain g(ω) for an inhomogeneous
cavity with βA = 1.5, βB = 0.5 (Λ = zL = 1 or N = 1),
zA = zB = 0.5, φ0 = −pi/10, α = θ2/2 = 0.05. (b) Same as (a)
for zA = zB = 0.25 (Λ = zL/2 or N = 2). (c-d) Intracavity field
evolution (blue curve) calculated from the map at P = 0.35
for (c) Λ = 1 and (d) Λ = 1/2. Red dots correspond to the
observable field at the output coupler.
higher frequency branches occurs on the upper branch (higher
power). By comparing the case Λ = 1 (N = 1) shown in Fig.
3(a) with the case Λ = 1/2 (N = 2) shown in Fig. 3(b), one
notices that the halved period tends to enhance the P1 branch
at the expense of the P2 branch. This fact is also illustrated in
Figs. 3(c)-(d), which report the evolution of the intracavity field
(blue curves) for fixed power and detuning for (c) Λ = 1 and (d)
Λ = 1/2. The suppression of the P2 can be easily understood
by considering that the P2 pattern is out-of-phase at each period.
Given the fact that the cavity contains two periods, the output
patterns will be in phase at the cavity output coupler at every
round-trip. This justification holds strictly for the LLE model,
where there is no trace left of the cavity period (MI gain map
not shown). Conversely, for the map the cavity boundary con-
ditions still play a role and can generate their own P2 branch
at higher power (see Fig. 3(a)-(b)). To date the prevalence of
P1 over P2 parametric (Faraday) instability lacks experimental
confirmation. Clearly the prevalence of P1 MI branch for N = 2
holds in a range of small cavity phase-shifts. A comparison be-
tween the map and the LLE for this situation is displayed in Fig.
4 in the (ω,φ0) plane. As shown, the LLE gives a good descrip-
tion of the phenomenon close to resonance φ0 ≃ 0, i.e. between
horizontal dashed lines in Fig. 4.
In summary we have reported a unified matrix approach to
studty MI in passive cavities, both homogeneous or with piece-
wise constant built-in GVD, which allows to characterize the P1
and P2 regimes of MI. We unveiled the nature of Faraday insta-
bilities in inhomogeneous cavities which have an odd number
of GVD periods. Moreover, we highlighted the intrinsic limi-
tations of the approach based on the LLE in view of correctly
designing future experiments. Our analysis may suggest novel
regimes for fiber-based frequency combs, which have been re-
cently exploited as a compact and agile spectroscopic tool [29].
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Fig. 4. Comparison of map (a) and LLE (b), as in Fig. 2(a,b),
for an inhomogeneous cavity with zA = zB = Λ/2 = 0.25
(N = 2), and βA = 1.9, βB = 0.1, P = 0.3. The dashed
horizontal lines delimit the region of validity of the LLE.
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